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Cambio di variabile cos t = u:
F ′(x) =
∫ pi
2
0
sin t√
1− x2 sin2 t
dt =
∫ 1
0
du√
1− x2(1− u2)
Scriviamo l’integrale come
F ′(x) =
∫ 1
0
du
x
√
1−x2
x2
+ u2
Usando la formula di integrazione indefinita∫
du√
a2 + u2
= ln
(
u+
√
a2 + u2
)
troviamo
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F ′(x) =
[
1
x
ln
(
u+
√
1− x2
x2
+ u2
)]u=1
u=0
facendo i calcoli
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F ′(x) =
[
1
x
ln
(
u+
√
1− x2
x2
+ u2
)]u=1
u=0
facendo i calcoli
F ′(x) =
1
x
(
ln
(
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1
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1
x
ln
(
1 + x√
1− x2
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=
1
2x
ln
(
1 + x
1− x
)
=
1
x
arctanhx =
∞∑
n=0
x2n
2n+ 1
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Poiche´ F (0) = 0 abbiamo per 0 ≤ x < 1 che
F (x) =
∫ x
0
F ′(t)dt =
∫ x
0
∞∑
n=0
t2n
2n+ 1
dt
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Stante che F (x) e` continua per x = 1 questa relazione vale anche per
x = 1 quindi
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Poiche´ F (0) = 0 abbiamo per 0 ≤ x < 1 che
F (x) =
∫ x
0
F ′(t)dt =
∫ x
0
∞∑
n=0
t2n
2n+ 1
dt
In conclusione per 0 ≤ x < 1
F (x) =
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n=0
x2n+1
(2n+ 1)2
Stante che F (x) e` continua per x = 1 questa relazione vale anche per
x = 1 quindi
∞∑
n=0
1
(2n+ 1)2
= F (1) =
∫ pi
2
0
arcsin(sin t)dt =
pi2
8
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Integrale di Debye
Dm(x) =
∫ x
0
tm
et − 1dt
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Integrale di Debye
Dm(x) =
∫ x
0
tm
et − 1dt
Sia m = 1. La funzione logaritmica con |u| < 1 definita dalla serie di
potenze
ln(1− u) = −
∞∑
n=1
un
n
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Integrale di Debye
Dm(x) =
∫ x
0
tm
et − 1dt
Sia m = 1. La funzione logaritmica con |u| < 1 definita dalla serie di
potenze
ln(1− u) = −
∞∑
n=1
un
n
La funzione dilogaritmo Li2(u) con |u| < 1, definita da
Li2(u) =
∞∑
n=1
un
n2
6/16 Pi?
22333ML232
Osservato che se t > 0 abbiamo
t
et − 1 = te
−t 1
1− e−t = te
−t
∞∑
n=0
e−nt = t
∞∑
n=0
e−(n+1)t
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Osservato che se t > 0 abbiamo
t
et − 1 = te
−t 1
1− e−t = te
−t
∞∑
n=0
e−nt = t
∞∑
n=0
e−(n+1)t
possiamo applicare il teorema di Beppo Levi ottenendo
D1(x) =
∞∑
n=0
∫ x
0
te−(n+1)tdt =
∞∑
n=0
1− [1 + (n+ 1)x] e−(n+1)x
(1 + n)2
=
∞∑
n=1
1− (1 + nx) e−nx
n2
=
∞∑
n=1
1
n2
−
∞∑
n=1
e−nx
n2
− x
∞∑
n=1
e−nx
n
=
pi2
6
− Li2(e−x) + x ln(1− e−x)
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Exercise
Using the theorem for differentiation under the integral sign
show that for x ≥ 0 ∫ 1
0
tx − 1
ln t
dt = ln(1 + x)
Hint: Recall that ddx(t
x) = ddx(e
ln tx) · · ·
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Exercise
Using the theorem for differentiation under the integral sign
show that for x ≥ 0 ∫ 1
0
tx − 1
ln t
dt = ln(1 + x)
Hint: Recall that ddx(t
x) = ddx(e
ln tx) · · ·
Put f(x, t) =
tx − 1
ln t
. Recalling the hint we see that
fx(x, t) =
ln t · tx
ln t
= tx
And since we are integrating for t ∈ [0, 1] this means that
|fx| < 1 allowing the derivation under the integral sign.
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Thus we have
d
dx
∫ 1
0
tx − 1
ln t
dt =
∫ 1
0
txdt =
[
t1+x
1 + x
]t=1
t=0
=
1
1 + x
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t=0
=
1
1 + x
Integrating with respect to x we find∫
tx − 1
ln t
dt = ln(1 + x) + c
Eventually to detect the integration constant c it is enough take x = 0
0 =
∫ 1
0
t0 − 1
ln t
dt = ln(1) + c =⇒ c = 0
Conclusion ∫ 1
0
tx − 1
ln t
dt = ln(1 + x)
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Esercizio
Per x > 0 si consideri la funzione
F (x) =
∫ +∞
0
arctan t− arctan(tx)
t
dt
Usando, verificata la legittimita`, la formula per la derivazione
degli integrali dipendenti da un parametro, si dimostri che
F (x) = −pi
2
lnx
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Integrals with respect to a generated measure.
From the generated measure theorem together with the mono-
tone convergence theorem we infer a theorem of great inter-
est in probability. Recall that if µ is a measure and f a
measurable function in some measure space (X,A, µ) then
φ(A) =
∫
A
fdµ is a measure.
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Theorem
If f : X → [0,+∞] is µ measurable and if g : X → [0,+∞] is φ
measurable then ∫
X
gdφ =
∫
X
gfdµ (\)
In such situation f is called density of φ with respect to µ.
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Theorem
If f : X → [0,+∞] is µ measurable and if g : X → [0,+∞] is φ
measurable then ∫
X
gdφ =
∫
X
gfdµ (\)
In such situation f is called density of φ with respect to µ. In parti-
colar if f is such that
∫
X
fdµ = 1 then φ is a probability measure.
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Observe that when measure φ is obtained from f and µ as in the
former theorem, then a null set for µ is a null set for φ also, that is
µ(E) = 0 =⇒ φ(E) = 0
So the following definition makes sense.
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Observe that when measure φ is obtained from f and µ as in the
former theorem, then a null set for µ is a null set for φ also, that is
µ(E) = 0 =⇒ φ(E) = 0
So the following definition makes sense.
Definition Let φ and µ measures on the same σ algebra A. We say
that φ is absolutely continuous with respect to µ if
µ(E) = 0 =⇒ φ(E) = 0
in such a case we write φ µ
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When φ is built from µ integrating a nonnegative µ-measurable func-
tion f , measure φ is absolutely continuous with respect to µ. As a
matter of fact this statement can be reversed, that is a measure φ
is absolutely continuous with respect to µ, there is a a nonnegative
µ-measurable function which allows the representation of µ.
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Radon-Nikodym Theorem
Let (X,A, µ) a σ-finite measure space and let φ a measure on A
absolutely continuous with respect to measure µ.
There is a nonnegative measurable function h such that for any E ∈ A
φ(E) =
∫
E
hdµ
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Radon-Nikodym Theorem
Let (X,A, µ) a σ-finite measure space and let φ a measure on A
absolutely continuous with respect to measure µ.
There is a nonnegative measurable function h such that for any E ∈ A
φ(E) =
∫
E
hdµ
h is unique (a.e) it is called Radon-Nikodym derivative of φ re-
spect to µ and it is denoted by
[
dφ
dµ
]
16/16 Pi?
22333ML232
Moreover for each f ≥ 0φ-measurable we have∫
X
f dφ =
∫
X
f h dµ
